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Two different approaches to constitutive relations for filtered two-fluid models (TFM) of gas–solid flows are deduced.
The first model (Model A) is derived using systematically filtered results obtained from a highly resolved simulation of a
bubbling fluidized bed. The second model (Model B) stems from the assumption of the formation of subgrid heterogene-
ities inside the suspension phase of fluidized beds. These approaches for the unresolved terms appearing in the filtered
TFM are, then, substantiated by the corresponding filtered data. Furthermore, the presented models are verified in the
case of the bubbling fluidized bed used to generate the fine grid data. The numerical results obtained on coarse grids
demonstrate that the computed bed hydrodynamics is in fairly good agreement with the highly resolved simulation. The
results further show that the contribution from the unresolved frictional stresses is required to correctly predict the bub-
ble rise velocity using coarse grids. VC 2013 American Institute of Chemical Engineers AIChE J, 60: 839–854, 2014
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Introduction

Fluidized beds are widely used in a variety of industrially
important processes.1–5 Gas-particle flows in these units are
inherently unstable and are characterized by fluctuations over
a wide range of time and length scales.6 At moderate solids
volume fractions, these fluctuations manifest, for example, in
the random motion of particles and the formation of clus-
ters.7 In contrast, close to the dense packing the amount of
the velocity fluctuations vanishes and heterogeneities inside
gas-particle flows are triggered by strain-rate fluctuations in
form of shear bands.8

During the last decades, the analysis of the hydrodynamics
or the efficiency of fluidized beds through numerical simula-
tions has become increasingly common.9–12 As the total
number of particles involved in most practically relevant flu-
idized beds is extremely large, it may be impractical to solve
the equations of motion for each particle. It is, therefore,
common to investigate particulate flows in large process
units using averaged equations of motion.13,14 These two-
fluid model (TFM) equations take account of the behavior of
the particles by considering a huge ensemble of particles
and, thus, closures are required for the solids stresses arising
from particle–particle contacts. However, the TFM approach
requires considerably fine grids as the minimum stable sizes
of clusters and shear bands are around 10 particle diame-
ters.8,15–19 Thus, due to computational limitations a fully
resolved simulation of industrial scale reactors is still unfea-

sible. It is, therefore, common to use coarse grids to reduce
the demand on computational resources. However, such a
procedure inevitably neglects small (unresolved) scales,20–22

which leads, for example, to a considerable overestimation
of the bed expansion in the case of fine particles.23,24

Many subgrid drag modifications have, therefore, been put
forth by academic researchers to account for the effect of
small unresolved scales on the resolved meso-scales in this
case.6,25–30 Recently, the comparative study of Schneiderba-
uer et al.31 revealed that although these drag modifications
cited above show considerably different dependencies, they
are able to predict main features of the gas and particle flow
in bubbling fluidized beds adequately.

Because the magnitude of the particle stresses is much
smaller than the magnitude of the drag force, only a few
studies exist dealing with the unresolved part of the solids
stress tensor.6,22,26,27,32 However, Igci and Sundaresan26

argued that neglecting their unresolved contribution produces
quantitative changes in the predicted results. They also
reported a significant contribution to the solids stresses aris-
ing from subgrid-scale Reynolds-stress-like velocity fluctua-
tions in risers, which appear to be much larger than the
particle stresses from kinetic theory. Recently, it has been
shown that fine grid TFM simulations are able to predict
these Reynolds-stress-like velocity fluctuations in risers
appropriately.7 The study of Milioli et al.27 reveals that these
fluctuations follow a Smagorinsky-like subgrid scale model.
In contrast, in bubbling fluidized beds the magnitude of these
subgrid-scale velocity fluctuations is still unclear. Further-
more, the study of Schneiderbauer et al.31 demonstrates that
the bubble rise velocity is considerably overestimated by
coarse grid simulations even though the contribution from
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the subgrid velocity fluctuations is taken into account. It
appears that the dense countercurrently downflowing layer of
particles around larger bubbles is not resolved adequately by
the coarse grid simulation. Physically, the subgrid heteroge-
neities in these dense areas manifest in form of shear bands,8

which define the smallest stable size of particle clusters in
the frictional regime. This supports the demand of subgrid
stress (SGS) closures at volume fractions near the closest
packing accounting for the formation of subgrid shear layers.

In this article, we derive two different types of closures
for the unresolved parts of the drag and the solids stresses
starting from filtered numerical TFM results obtained from a
bubbling fluidized bed. Following the concepts of Milioli
et al.,27 the first model (Model A) is directly deduced from
the filtered data by using curve fitting. The main differences
to their work are that we account for frictional stresses close
to the maximum packing and that we use a bubbling fluid-
ized bed instead of periodic domain simulations to obtain the
filtered constitutive relations. The second model (Model B)
is derived based on the assumption of the formation of sub-
grid heterogeneities inside fluidized beds. In the kinetic-
collisional regime, these heterogeneities are triggered by the
formation of local clusters. In contrast, in the frictional
regime SGSs arise from strain-rate and volume fraction fluc-
tuations of the solid phase at subgrid shear layer scale
mainly. The latter constitutive relations are then substanti-
ated by the filtered data. Both types of subgrid corrections
are then verified in the case of a bubbling fluidized bed of
fine glass particles. The numerical results are analyzed with
respect to the fine grid simulation. This comparison includes
the evaluation of the bed expansion, the time averaged fil-
tered solids phase distribution with its corresponding stand-
ard deviation, the time averaged filtered particle mass fluxes,
and the bubble properties including bubble size, bubble num-
ber density, and bubble rise velocities. A conclusion ends
this article.

Filtered TFM Equations

As in our earlier studies,12,31 we use a kinetic-theory-
based TFM to study fluidization. We present below only the
continuity, momentum, and granular temperature balance for
the solid phase
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Here, qs; �s, and us denote density, volume fraction, and
local-average velocity of the solid phase, respectively; p is
the gas-phase pressure; ug is the local-average velocity of
the gas phase; b is the microscopic drag coefficient; g is the
gravitational acceleration; finally, Rkc

s and Rfr
s are the stress

tensors associated with the solids phase, where the frictional
contribution, Rfr

s , arises from long enduring multiple fric-
tional contacts in dense areas. The kinetic-collisional part,
Rkc

s , is closed using kinetic theory,12,33 which requires and
additional equation for the granular temperature (Eq. 3). In
Eq. 3 2$ � q is the diffusion of the granular temperature; Cs

and Jv represent the transfer of the kinetic energy of random
fluctuations in particle velocity from the solids phase to the
gas phase. The collisional dissipation, cH, represents the rate
of dissipation of the granular temperature due to inelastic
collisions between particles. Constitutive models used for the
stresses, the Wen and Yu34 model for the drag coefficient
and the terms on the right-hand side of Eq. 3 used in our
simulations can be found in Tables 3 and 4 in our previous
study.31 Thus, we will not repeat the details here.

In the case of coarse grids, it is common to use balance
equations for the filtered counterparts of the local-average
solids volume fraction �s and solids velocity us. These equa-
tions can be obtained by applying a spatial filter31 to the
TFM equations 1 and 2 revealing23,27,31 (a complete explana-
tion of the notation is given below)
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for the solids continuity equation and
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for the solids momentum equation with

/p5�s$p2��s$�p; (6)

/D5bðug2usÞ2~bð~ug2~usÞ; (7)

Rfi
s 5Rkc

s 1Rfr
s 1RR

s ; (8)

RR
s 5qsð�susus2��s~us~usÞ; (9)

Equations 4 and 5 have the same form as the microscopic
TFM equations 1 and 2, with the phase velocities and other
variables now representing filtered ��s (or Favre averaged ~us)
values. Additional terms appear that represent the unresolved
part of the buoyancy, /p, the unresolved part of the drag,
/D, and a Reynolds-stress-like contribution coming from the
particle phase velocity fluctuations, RR

s .
The studies of Igci et al.6 and Parmentier et al.23 show

that while in the case of bubbling fluidized beds /p is negli-
gible, /D requires an adequate modeling to predict the bed
expansion correctly. In the literature, it is common to model
the unresolved part of drag force by6,23,25,27,28,31

/D � beff ð~ug2~usÞ2~bð~ug2~usÞ � ðHD21Þ~bð~ug2~usÞ (10)

~b denotes the microscopic drag law computed from filtered
variables. HD is a function accounting for the unresolved struc-
tures and beff � HD

~b is the effective drag coefficient due to
subfilter heterogeneities. According to the EMMS group, HD is
referred to as heterogeneity index.35 Note that for sufficiently
small filter sizes, a closure for HD should approach unity.

Compared to the magnitude of drag force, the magnitude
of the particle stresses is much smaller. However, neglecting
their unresolved contribution produces quantitative changes
in the predicted results.26 Especially, in this case, the rise
velocity of bubbles is considerably overestimated.31 Similar
to the Boussinesq hypothesis we, therefore, propose the fol-
lowing model for the Reynolds-stress-like contribution6,27

RR
s 5pR

s I22lR
s Ss; (11)

where Ss denotes the filtered solids deviatoric rate-of-
deformation tensor Ss5Ds2ð1=3Þtr ðDsÞ with Ds5ð$us1

ð$usÞTÞ=2. It has to be mentioned that we do not consider
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bulk viscosity effects of the Reynolds-stress-like contribu-
tion. Following Igci and Sundaresan,26 it is reasonable to
substitute the Reynolds-stress-like contribution into the
kinetic-collisional part of the filtered solids stress tensor
while in the frictional regime these remain negligible. Thus,
we obtain

Rfi
s 5ðpfi

s 1pfr
s 2kkc

s tr ðDsÞÞI22ðlfi
s 1lfr

s ÞSs (12)

with pfi
s 5pkc

s 1pR
s and lfi

s 5lkc
s 1lR

s . Thus, combining Eqs.
5, 10, and 12 yields the final form of the filtered solids
momentum equation
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where six terms have to be closed, these are HD; pfi
s ; p

fr
s ; k

kc
s ;

lfi
s ; and lfr

s .

It remains to discuss the filtered balance law for the pseu-
dothermal energy (PTE) (Eq. 3). Defining the filtered granu-

lar temperature by ~H5�sH=��s yields
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where hR
s 5ð3=2Þqsð�suH2��s~us

~HÞ. In the following, we
assume that the right-hand side of Eq. 14 can be modeled
similar to Eqs. 10 and 12 revealing
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where closures for the terms on the right-hand side are

required. We found that for not too large filter lengths �GH5

2Rkc
s : us � 2Rkc

s : ~us (� ~GH), �Cs � H
3=2
D

~Cs; �Jv � 3~b ~H and

�cH � ~cH, which we will verify in the next chapter. Here, ~Cs

and ~cH denote the production of PTE due to gas-particle slip
and the dissipation of PTE due to interparticle collisions com-
puted from filtered variables, respectively.

Fine Grid Simulation and Results

To study the contribution of the unresolved term appearing
in Eq. 13 in the bubbling regime, we investigated a gas-solid
fluidized bed of Geldart type B glass particles using a superfi-
cial gas velocity Win

g 50:22ut, where ut50:96ms21 is the ter-
minal settling velocity. This case has also been presented in
our previous study (Figure 4 and Table 2 of Schneiderbauer
et al.31) and thus, we will not repeat all the details here. We
obtained a time-dependent solution using a grid spacing
D̂50:9, which is assumed to be sufficiently fine to resolve all
heterogeneous structures.18,31 Note that we made the grid
spacing D and the filter size Df dimensionless by a character-
istic length scale for the heterogenous structures Lch

36

Lch 5
u2

t

g
Fr 22=3 � 9ds; (16)

where Fr 5u2
t =dsg denotes the particle-based Froude number

and ds5150lm is the particle diameter. The simulations

were started from a slightly nonuniform settled state to expe-
dite the development of inhomogeneous flow structures, such
as bubbles. After an initial transient period, that is, the
expansion of the bed, the system reached a statistical steady
state with persistent temporally and spatially distributed bub-
bles. A detailed discussion of the features of the solids flow
can be found in our previous study31 and are also discussed
later. In this section, we restrict ourselves to the discussion
of filtered quantities. Following previous work,6,23,26,27 snap-
shots of the flow field were collected at various times after
the initialization phase. These computational data were then
filtered using filters of different sizes. By this procedure we
collected, for example, about 15 million data points for a fil-
ter size of D̂f53:74. Finally, the filtered data were binned in
terms of the values of the markers used to classify the subfil-
ter scale state and averaged to obtain statistics of the filtered
quantities. The filtered quantities will be presented in dimen-
sionless form, that is

^
pi

s 5
pi

s

qsu
2
t

;
^li
s 5

li
s g

qsu
3
t

; Ŝ s5Ss

ut

g
; êWg 5

eWg

ut
; �̂GH5

�GH

3=2qsutg
;

�̂cH5
�cH

3=2qsutg
; �̂Cs5

�Cs

3=2qsutg
; �̂Jv5

�Jv

3=2qsutg

(17)

with i 2 ffi ; kc ; fr ;Rg. Here, qsu
2
t defines a characteristic

stress, qsu
3
t =g is the characteristic stress times a characteris-

tic time and 3=2qsutg is a characteristic power.
The heterogeneity index, HD, can be computed as follows

from the filtered data

HD5
bfi

~b
with bfi 5

kbðug2usÞk
jj~ug2~usjj

(18)

where, bfi is the filtered drag coefficient and ~b denotes the
microscopic drag coefficient computed from filtered quanti-

ties. Note that bfi can be used to find closure relations for
the effective drag coefficient appearing in Eq. 10. The heter-
ogeneity index, HD, is a measure of the subgrid heterogene-
ity. Thus, small values of HD indicate more developed
subfilter heterogeneity than values near 1. In contrast to Mil-
ioli et al.,27 we did not substitute the contribution from the
gas pressure gradient fluctuations into the definition of HD as
these appear to be negligible in bubbling fluidized beds.23

According to Milioli et al.,27 the markers for the heterogene-
ity index are the filtered void fraction ��g and the dimension-

less slip velocity ~̂usg 5jj~ug2~usjj=ut. In Figure 1, the

variation of HD with the filtered void fraction for different
slip velocities and different filter sizes is plotted. The figure

shows that compared to the microscopic drag coefficient ~b,

the filtered drag coefficient bfi is considerably reduced for a
wide range of void fractions. Solely in very dilute regions
(��g ! 1) and in very dense regions, that is, close to the max-

imum packing (��g ! 12�max
s ), no subfilter heterogeneities

evolve. As reported by several authors,6,23,26,27 HD decreases
with increasing filter length, while this trends gets less pro-
nounced for larger filter lengths. Similar to the results of
Milioli et al.,27 we observe that HD decreases with increasing
slip velocity, since at higher slip velocities the subfilter
structures appear to be more heterogenous. For high slip
velocities, the figure also reports an asymptotic behavior of
HD at large filters, which appears to be at considerably
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smaller filter lengths than for low slip velocities. Near the
maximum packing, the figure reveals that solely small slip
velocities are present, as most of the gas flows through
regions of less drag, that is, through voids or bubbles.

Figure 1 further indicates that HD is confined to [0,1].
This is indeed true for the values of HD, which are deduced
from averaging a huge number of realizations of HD with
identical ��s and ~̂ugs . Unlike that observation, Figure 2 clearly
shows that HD may also exceed 1. This gives indication to
an additional marker for HD. However, as those events are
very rare we do not discuss HD > 1 in more detail. Finally,
Figure 2 further reveals that very dilute and very dense areas
are observed most frequently, as in bubbling fluidized beds
dilute bubbles and dense regions prevail.

In Figure 3, a comparison of the residual correlations for
HD of Milioli et al.27 with our data at large filter lengths is
shown. Their study revealed that HD can be modeled by the
maximum of the envelop of HD and a linear function, where
the linear function pictures the dependence on the slip veloc-

ity. Although linear regions can also be identified from our
data as well (e.g., HD shows nearly linear behavior between

0:45 < ��g < 0:85 for ~̂ugs 51:25 and ~̂ugs 51:75), their slopes

appear considerably different to those from Milioli et al. Fur-
thermore, our data shows that heterogenous structures

develop even for small slip velocities (~̂ugs 50:25) over a

wide range of solids volume fractions, which is not observed
in their study. These differences may originate from the dif-
ferent physical conditions. Although Milioli et al.27 do not
account explicitly for long enduring multiple frictional con-
tacts close to the maximum packing, we apply an inertial
number dependent rheology instead of using kinetic theory
for the whole range of solids volume fractions.12,31 Their
work also uses periodic domain simulations of a riser-like
flow to gather the fine grid data, whereas in our study, a
bubbling fluidized bed is studied to collect the filtered data.
In addition, HD also depends on other markers than the fil-
tered solids volume fraction and the filtered slip velocity; for
example, the effective drag monotonically decreases with an
increasing kinetic energy of the subfilter scale velocity fluc-

tuations k5ð1=2Þgu00s u00s (not shown here; u005u2~u). In gen-

eral, k scales with qsu
2
t implying an approximately 20 times

higher energy of the subfilter scale velocity fluctuations in

our case than in the study of Milioli et al.27 (uMilioli
t 5

0:218ms21). Thus, an additional dependence of HD on k may
be used to explain the differences shown in Figure 3. How-
ever, in a first step, we discuss the dependence of HD on
those markers proposed by Milioli et al.27 only. To conclude,
both studies reveal similar trends, these are, HD decreases
with increasing filtered slip velocity, and HD decreases with
increasing filter size (not shown here). Finally, both predict
an asymptotic limit at high filtered slip velocities and large
filter lengths, which is indicated by the envelop in Figure 3.

In Figure 4, the different contributions to the dimension-

less filtered solids pressure, pfi
s , and the dimensionless fil-

tered solids shear viscosity, lfi
s , are plotted, respectively.

Note that the contributions from the Reynolds-stress-like
velocity fluctuations can be computed from

Figure 2. Logarithmic grayscale plot of the relative fre-
quencies of HD as a function of the filtered
solids volume fraction, ��s, for a dimension-
less filter sizes D̂f57:48.

Figure 3. Variation of HD with the filtered void fraction,
��g, for a dimensionless filter size D̂f514:96
and different dimensionless slip velocities
~̂ugs .

The thick solid line indicates the envelop of HD, that is,

HD at large filters and high slip velocities. The thin solid

lines represent the model of Milioli et al.27

Figure 1. Variation of HD with the filtered void fraction,
��g, for different dimensionless filter sizes D̂f5
Df=Lch and different dimensionless slip veloc-
ities ~̂ugs : — ~̂ugs 50:25; – � – ~̂ugs 50:75; – – –
~̂ugs 51:25; � � � ~̂ugs 51:75.
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s Þ

qsu
2
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; (19)

^lR
s 5
kRR

s 2pR
s Ik

2kŜ skqsu
2
t

(20)

with jjŜ sjj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ŝ s : Ŝ s=2

q
. The figure clearly shows that in

dilute regions the solids stresses are dominated by the contri-
bution form the Reynolds-stress-like velocity fluctuations (R),
while the contribution from the filtered kinetic-collisional con-
tribution (kc) appears to be negligible for larger filter lengths.
This was also observed by other authors.6,26 In more dense
regions, that is, ��g < 0:7, our data confirms that the contribu-

tion form the filtered frictional stresses shows a nonnegligible
contribution. Especially, close to the maximum packing both,
the filtered solids pressure and the filtered solids shear viscos-
ity, are determined by the frictional part. According to Milioli

et al.,27 pfi
s and lfi

s do not reveal a systematic dependence on

~̂ugs while both appear to depend considerably on the square

of the scalar shear rate 4jjSsjj2. Our data reveals identical
dependencies, which we will discuss later.

Figures 5 and 6 show the variation of the production of

the filtered generation of PTE due to the solids pressure
^

Gp
H

(� ^
2pkc

s tr ðDsÞ ; note that we solely consider the production

due to the solids pressure as an example to discuss the sub-
grid contribution to the production of PTE), the filtered dissi-

pation of PTE �̂cH, the filtered viscous damping of PTE �̂Jv,

and the filtered production of PTE due to gas-particle slip �̂Cs

with the filtered void fraction ��g. Remarkably, the Figure 5

reveals that �̂Jv � ~̂Jv and, therefore, no drag correction
applies to the viscous damping term. In contrast, the produc-

tion term �̂Cs obviously requires a drag modification term in

the form of Hn
D

~̂Cs. The figure yields that n � 3=2. Even

though �̂Jv and �̂Cs can be computed from the filtered varia-

bles (these are ~b; ~H;��s, and ~ugs ), Figure 6 demonstrates that
^

Gp
H and �̂cH may not be evaluated in this manner at larger fil-

ter lengths and closures for these terms may be required.

However, it appears that the subgrid contributions to
^

Gp
H and

�̂cH are negligible in dilute and very dense areas and,

Figure 4. Variation of (a)
^

pi
s and (b)

^
li

s with the filtered void fraction, ��g, for different dimensionless filter sizes D̂f:

—
^

pfi
s ;

^
lfi

s ; – � –
^

pkc
s ;

^
lkc

s ; – – –
^

pR
s ;

^
lR

s ; � � � ^
pfr

s ;
^

lfr
s .

Figure 5. Variation of (a) �̂Jv and (b) �̂Cs with the filtered void fraction, ��g, for different dimensionless filter sizes D̂f:
— filtered data; – � – (a) ~̂Jv53~b ~H=ð3=2qsutgÞ, (b) H

3=2
D

~̂Cs.
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therefore, it is reasonable to evaluate both terms using fil-
tered variables in bubbling fluidized beds, where intermedi-
ate solids volume fractions occur very rarely. Thus, we do

not discuss subgrid corrections of
^

Gp
H and �̂cH further in a

first step. The figures further yield that ~̂Cs and
^

Gp
H show a

considerable dependence on the filter length, while �̂cH and

�̂Jv appear nearly unaffected by varying filter size. Finally, it

has to be noted that �̂Jv and �̂Cs are at least one order of mag-

nitude smaller than �̂cH and seem, therefore, negligible in
coarse grid simulations of bubbling fluidized beds.

In the following, we present two different types of subgrid
modifications for the unclosed terms in Eqs. 13 and 15 show-
ing nonnegligible unresolved contributions. The first type of
closure models follows Mililoli et al.27 by least-squares fits of
the filtered data. The latter approach is deduced from the
assumption of the formation of subgrid clusters and shear
layers.

Filtered Subgrid Modifications (Model A)

Constitutive relation for filtered drag

In this study, we propose that the filtered data of HD can
be correlated with

HD5H�s;Dð��s; D̂fÞHuð��s; ~̂ugs ; D̂fÞ (21)

where H�s;Dð��s; D̂fÞ represents the influence of the filtered
solids volume fraction, ��s, and the dimensionless filter
length, D̂f . Several authors6,23,26 proposed that H�s ;D can be
written as

H�s;Dð��s; D̂fÞ512h�ð��sÞhDðD̂fÞ (22)

where h� and hD are solely functions of ��s and D̂f , respec-
tively. Furthermore, Huð��s; ~̂ugs ; D̂fÞ (Eq. 21) includes the
dependence on the dimensionless filtered slip velocity. From
the data, it is observed that Hu depends on all three markers
for HD, these are ��s; ~̂ugs ; and D̂f and that Hu take the follow-
ing form

Huð��s; ~̂ugs ; D̂fÞ5ð~̂ugs Þ2cf D
u ðD̂ fÞf �u ð��sÞ (23)

with

c � 9 (24)

f �u ð��sÞ5��sð�max
s 2��sÞ: (25)

f D
u ðD̂fÞ5

D̂
5

f

D̂
5

f 11024
(26)

where f D
u introduces a large filter limit for Hu (see discussion

in previous section, Figures 1 and 3).
In Figure 7, the variation of the ratio between HD and Hu

with the filtered void fraction ��g is plotted. The figure yields
that the curves for different slip velocities collapse by using Eq.
23. Furthermore, we propose that h� and hD can be described by

h�ð�̂� sÞ5
p1�̂�

2

s 1p2�̂�s1p3

�̂�
3

s 1q1�̂�
2

s 1q2�̂� s1q3

(27)

and

hDðD̂fÞ5
D̂

a

f

D̂
a

f 1b
(28)

Figure 6. Variation of (a)
^

Gp
H and (b) �̂cH with the filtered void fraction, ��g, for different dimensionless filter sizes

D̂f: — filtered data; – � – (a) ~̂Gp
H 52pkc

s tr ðDsÞ=ð3=2qsutgÞ, (b) ~̂cH.

Figure 7. Variation of HD=Hu5H�s;D with the filtered void
fraction, ��g, for different filter sizes Df: � ~̂ugs

50:25; 3 ~̂ugs 50:75; 1 ~̂ugs 51:25; w ~̂ugs 51:75.

The solid lines correspond to fits using Eqs. 22, 27, and 28.

The colors of the lines and symbols have the same mean-

ing as in figure 1.
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with �̂�s5��s=�
max
s , respectively. The coefficients appearing in

Eqs. 27 and 28, which we determined from least-squares fits,
are given in Table 1. In Figure 7, the curve fits for H�s;D are
plotted for different filter lengths, Df , yielding reasonable
agreement with its corresponding filtered data.

Figure 8 shows a comparison of the filtered data of HD

with the curve fits (Eq. 21) yielding that Eq. 21 describes
the filtered data reasonably well for a wide range of filter
lengths and filtered void fractions. Especially, for large filters
the predictions of Eq. 21 are in fairly good agreement with
the filtered data. Note that at small filter length (D̂f53:74)
and low slip velocities (~̂ugs 50:25) Eq. 21 disagrees with the
filtered data, which, in turn, may be attributed to the form of
H�;D. However, the presented fits lie within the standard
deviation of the statistical fine grid data for the presented fil-
ter lengths and the whole range of solids volume fractions.

Constitutive relations for filtered stresses

The results of Schneiderbauer et al.31 indicate that coarse
grid simulations, which only consider the effect of subgrid
heterogeneities in the fluid to solid phase drag, considerably
overestimate the bubble rise velocity. The solids stress tensor
basically consists of two different contributions (kinetic-col-
lisional and frictional parts), which are characterized by dif-
ferent behavior of the interparticle contacts. Although in the
collisional regime the interparticle collisions can be treated
as binary, the particle–particle interactions in the frictional
regime are dominated by long enduring frictional contacts.
In the collisional regime, a nonnegligible contribution from
Reynolds-stress-like velocity fluctuations requires additional
subgrid modeling using coarse grids (Figure 4). Even though
accounting for the Reynolds-stress-like velocity fluctuations
does not improve the estimation of bubble rise velocity.31

Thus, the unresolved part of the frictional particle stresses
has to be considered in bubbling fluidized beds. In particular,

in dense regions the contribution stemming from the velocity
fluctuations appears negligible, while the stresses are deter-
mined by the filtered frictional stresses (Figure 4).

By inspiration from single-phase turbulence literature,37

Milioli et al.27 proposed Smagorinsky-like constitutive mod-
els for the filtered solids pressure and filtered solids shear
viscosity, which can be written as follows

^
pfi

s 54Cpð��sÞFr 231=21D̂
16=7

f jjŜ sjj2;
^lfi
s 54Clð��sÞFr 24=3D̂

2

f jjŜ sjj;
(29)

with the effective pressure and viscosity coefficients

Cpð��sÞ50:17��s and Clð��sÞ50:105��s: (30)

Note that they used a different scaling for the filter length,
that is �Df5Dfg=u2

t . It is further noteworthy that Eq. 29 ren-
ders a transport equation for the PTE (Eq. 15) unnecessary
as those constitutive relations solely depend on the filtered
solids volume fraction and the filtered solids shear rate.
Finally, it has to be mentioned that we do not consider bulk
viscosity effects in this filtered model.

In Figure 9, Eq. 29 is compared with the filtered data of

the solids pressure,
^

pfi
s and the solids shear viscosity,

^lfi
s

(compare also with Figure 4). Remarkably, Eq. 29 is in
fairly good agreement as ��g tends to 1 with the filtered

results even though those equations were derived for Geldart
type A particles. Thus, we conclude that for the fluidization
of Geldart type B particles identical markers for the filtered
solids stresses apply as identified by the study of Mililoi

et al.27 (these are D̂f and jjŜ sjj). In intermediate and dense
areas, where the filtered frictional stresses start to become
nonnegligible (Figure 4), Eq. 29 considerably underestimates
the filtered data, as their fine grid simulations considered
frictional stresses solely very close to the maximum packing.
However, our previous study12 has shown that frictional
stresses indeed become important even at significantly
smaller solids volume fractions (�s > 0:4). Especially, these
stresses are essential to reasonably predict the gas-solid flow
in dense fluidized beds and hoppers.12,38,39 From the filtered
data, we find that the filtered frictional stresses can be taken
into account by the following modification of the effective
pressure and viscosity coefficients

Table 1. Numerical Values of the Coefficients Appearing in

Eqs. 27 and 28, which were Determined from Least-Squares

Fits using Eqs. 27 and 28 (R250:98)

Coefficient Value

P1 26.743
P2 6.728
p3 0
q1 27.247
q2 6.289
q3 0.384
a 2.664
b 25.89

Table 2. Summary of Filtered Subgrid Modifications

(Model A)

1. Filtered drag coefficient

beff 5 12h�ð�̂� sÞhDðD̂fÞ
� �

Huð��s; ~̂u gs ; D̂f Þ~b

Huð��s; ~̂u gs ; D̂fÞ5ð~̂u gs Þ29�� sð�max
s 2�� sÞD̂

5

f =ðD̂
5

f 11024Þ

h�ð�̂� sÞ5 26:743�̂�
2

s 16:728�̂� s

�̂�
3

s 27:247�̂�
2

s 16:289�̂� s10:384
with �̂� s5��s=�

max
s

hDðD̂fÞ5 D̂
2:664

f

D̂
2:664

f 125:89

2. Filtered particle phase normal stress
pfi

s

qsu
2
t
54C

0
pFr 231=21D̂

16=7

f jjŜ sjj2 C
0
p50:17��s1

0:0235�� s

�max
s ð�max

s 2��sÞ3=4

3. Filtered particle phase shear viscosity
lfi

s g

qsu
3
t
54C

0
lFr 24=3D̂

2

f jjŜ sjj C
0
l50:105��s1

0:001��s

�max
s ð�max

s 2�� sÞ

Table 3. Summary of Heterogeneity-Based Subgrid Modifica-

tions (Model B)

1. Heterogeneity-based subgrid drag coefficient31

~b
CL

5 1
jj~ug2~u s jj kF

cl
d 1f cFc

dk
2. Heterogeneity-based particle phase normal stresses

pfi
s 5��sqs

1
11ls=L

14gs�
c
sgc

0

� �
~H1��sqsH

cl

with Hcl 50:15
ffiffiffiffiffiffiffi
�c

s

�max
s

q
dcl

ds

� �2
~H

pfr
s 5 10ds

D

X10ds=D

k51

pfr
s ð�s;k; jjSs;kjjÞ ðcompare with Eq : 45Þ

Closures for �c
s and dcl are given in our previous study.31

3. Heterogeneity-based particle phase shear viscosities

lfi
s 56

5
f cl�

gc
0
gsð22gsÞ

1

11ls
L

18
5
�c

sgsg
c
0

� �
118

5
gsð3gs22Þ�c

sgc
0

� �
13

5
gsl

c
b

n o
1lR

s

where

lR
s 5��sqsdcl

ffiffiffiffiffiffiffi
Hcl

p
;lc

c5
8
3
��sqs

ffiffiffiffi
~H
p

q
�c

sdsg
c
0;l
�5 l

11
2~b

CL
l

ð�cs qs Þ2gc
0

~H

;l5
5qsds

ffiffiffiffiffi
p ~H
p

96

lfr
s 5 10ds

D

X10ds=D

k51

lfr
s ð�s;k; jjSs;kjjÞ ðcompare with Eq : 46Þ
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C
0

pð��sÞ50:17��s1
0:0235��s

�max
s ð�max

s 2��sÞ3=4

C
0

lð��sÞ50:105��s1
0:001��s

�max
s ð�max

s 2��sÞ

(31)

Figure 9 clearly shows that Eq. 31 predicts the values of
the filtered pressure and the filtered shear viscosity reason-
ably well. Especially, this modification (31) yields the cor-
rect limits for the filtered solids pressure and the filtered
solids shear viscosity as ��s tends to the maximum packing.
Finally, a summary of the filtered subgrid modifications is
given in Table 2.

Heterogeneity-Based Subgrid Modifications
(Model B)

In contrast to Model A, which is directly deduced by
using curve fitting of the filtered data, Model B is based on
the assumption that the heterogeneity inside fluidized beds is
caused by the formation of local clusters. This concept is
also supported by experiments (Schneiderbauer et al.31 and
references cited therein). In the case of bubbling fluidized
beds, these heterogeneities mostly manifest as clusters-like
structures inside bubbles (voids), which has been confirmed
recently by experimental and numerical studies.40–44 Inside
(dense phase) and outside (dilute phase) a cluster, the par-

ticles are considered as homogeneously distributed. Using
these concepts constitutive relations for the effective drag
and the effective stresses can be derived.

Heterogeneity-based subgrid drag model (Christian
Doppler-Laboratory model)

The CD-Lab (acronym for Christian Doppler-Laboratory)
subgrid drag model31 distinguishes between resolved and
unresolved clusters by computing the expectation value of
the diameter of the unresolved clusters. Our previous stud-
ies31,45 prove that this subgrid drag modification is well
applicable to the coarse grid simulation of bubbling fluidized
beds. In particular, this model correctly predicts the bed
expansion for a wide range of superficial gas velocities using
coarse grids.45 The CD-Lab subgrid drag model reads

beff � ~b
CL

5
1

jj~ug2~usjj
kFcl

d 1f cFc
dk (32)

In Eq. 32 f c is the volume fraction of the clusters. Fc
d

denotes the drag force per unit volume on the particles in
the dense phase. The drag force Fcl

d arises from the interac-
tion between the surrounding dilute-phase gas and the parti-
cle clusters. In the case of Geldart type B particles, the drag
force on the dilute phase particles can be neglected.28,31 The
superscripts c and cl, therefore, refer to the dense phase
inside particle clusters and the particle clusters of diameter

Figure 8. Variation of fits for HD5bðug2usÞ=~bð~ug2~usÞ with the filtered void fraction, ��g, for different dimensionless
filter sizes D̂f: — ~̂ugs 50:25; – � – ~̂ugs 50:75; – – – ~̂ugs 51:25; � � � ~̂ugs 51:75.

Figure 9. Variation of fits for (a)
^

pfi
s and (b)

^
lfi

s with the filtered void fraction, ��g, for different filter sizes
D̂f‰f3:74;7:48;14:96g.
The arrow indicates increasing filter size.
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dcl. For a detailed discussion, the reader is referred to our
previous study.31

Figure 10 shows the heterogeneity-based subgrid drag mod-
ification. The figure reveals that Eq. 32 predicts an opposite
dependence on the slip velocity as deduced from the filtered
data (Figure 1), that is, HCL

D increases for increasing slip
velocity, ~̂ugs . However, the figure clearly demonstrates that
the dependency of HCL

D on ~̂ugs is far less developed than
observed from the filtered data. Furthermore, the figure
reveals that HCL

D tends to 1 at even higher filtered voidage
than the filtered HD. Nevertheless, HCL

D shows the correct lim-
its (HCL

D ! 1) as ��g tends to 1 and as ��g tends to 12�max
s .

For large filter length and high slip velocities, HCL
D predicts

similar behavior as deduced from the filtered data in dilute
regions (Figure 10c). This can be attributed to the closure
equations used for the voidage inside of clusters and the clus-
ter diameter (Eqs. 40 and 48 in Schneiderbauer et al.31),
which were derived from fast fluidization experimental
data.46–48 Therefore, it is remarkably that our previous stud-
ies31,45 clearly demonstrate the applicability of Eq. 32 to
coarse grid simulations of bubbling fluidized beds. This can
be understood by reviewing Figure 2 yielding that very dense
(��s ! �max

s ) and very dilute (��s ! 0) areas are highly likely
to occur. In addition, inside of voids the highest slip velocities
occur in the fluidized bed. Thus, in both limits Eq. 32 delivers
appropriate approximations for the filtered heterogeneity index
(e.g., Figure 10c).

Heterogeneity-based SGS model

As mentioned before the solids stress tensor basically con-
sists of two different contributions (kinetic-collisional and
frictional parts), which are characterized by different behav-
ior of the interparticle contacts. Figure 4 reveals that in con-
trast to the inertial regime, in the frictional regime the
contribution stemming from the velocity fluctuations appears
negligible,26 whereas the frictional stresses are characterized
by subgrid shear layers. These show considerable fluctua-
tions of the shear rate and the solids volume fraction.8 As
both regimes manifest different physics, they require differ-
ent approaches for the corresponding heterogeneity-based
SGS modifications, which we present in the following.

Collisional (Inertial) Stress Model. In the collisional
(inertial) regime, which is characterized by heterogenous
structures like particle clusters, we, therefore, take up again
the cluster concept presented in the previous section. We
assume that the contribution from filtered collisional stresses

and the Reynolds-stress-like velocity fluctuations, Rfi
s , can

be written as

Rfi
s ð��s;qs; ds; ~H; g0Þ5f cRkc

s ð�c
s ;qs; ds; ~H; gc

0Þ

1RR
s ð��s; qs;H

cl ðdcl ÞÞ
(33)

The first term on the right-hand side of Eq. 33 indicates
the contribution from the collisions between particles inside
a cluster with volume fraction �c

s (Eq. 40 of Schneiderbauer
et al.31) and the second term on the right-hand side repre-
sents the contribution from the velocity fluctuations at cluster
scale. gc

0 denotes the radial distribution function for the par-
ticles in clusters and is given by gc

05g0ð�c
sÞ (Eq. 59 of

Schneiderbauer et al.31). Additionally, the expectation value
of the cluster diameter dcl, which distinguishes between
resolved and unresolved clusters, has been determined by
Schneiderbauer et al.31 (A plot of the cluster diameter dcl as
a function of the void fraction �g can also be found in that
study). However, the granular temperature associated with
the fluctuation energy of the clusters, Hcl , appearing in Eq.
33 remains unknown. We, therefore, propose that we can
estimate Hcl from the filtered granular temperature ~H, which
is related to the fluctuation energy of the particles inside the
clusters. Good approximations for ~H and Hcl are36

~H � 4jjSsjj2d2
s and Hcl � 4jjSsjj2d2

cl (34)

From above equation, it follows that Hcl can be written as

Hcl 5hHð�c
sÞ

dcl

ds

� �2

~H (35)

where hH can be determined from the filtered numerical fine
grid data. Equation 33 requires that Rfi

s approaches Rkc
s as

dcl tends to zero (i.e., RR
s vanishes) and thus, that the origi-

nal kinetic theory is recovered in regions of vanishing clus-
ters. Note that clusters may vanish due to a sufficient grid
resolution or in the dense regime, where the frictional
stresses become dominant.31 Indeed, Eq. 35 implements the-
ses requirements.

Applying Eq. 33 to the microscopic solids pressure given
in Table 3 of Schneiderbauer et al.31 yields

pfi
s 5��sqs

1

11ls=L
14gs�

c
sgc

0

� �
~H1��sqsH

cl (36)

with gs5ð11esÞ=2. Note that the last term on the right-hand
side of Eq. 36 accounts for the Reynolds-stress-like velocity

Figure 10. Variation of HCL
D 5~b

CL
=~b with the filtered void fraction, ��g, for different dimensionless filter sizes D̂f: —

~̂ugs 50:125; – � – ~̂ugs 50:75; – – – ~̂ugs 51:25; � � � ~̂ugs 51:75.
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fluctuations, these are the fluctuations at cluster scale. Fur-
thermore, the subgrid modification of the microscopic solids
viscosity (Table 3 of Schneiderbauer et al.31) is given by

lfi
s 5

21a
3

� �	
f cl�

gc
0gsð22gsÞ

1

11 ls
L

1
8

5
�c

sgsg
c
0

 !

11
8

5
gsð3gs22Þ�c

sgc
0

� �
1

3

5
gsl

c
b



1lR

s ;

(37)

where

lc
c5

8

3
��sqs

ffiffiffiffiffi
~H
p

s
�c

sdsg
c
0 (38)

and

l�5
l

11 2~b
CL

l
ð�c

sqsÞ2gc
0

~H

; l5
5qsds

ffiffiffiffiffiffiffi
p ~H

p
96

; a5
8

5

The contribution from the Reynolds-stress-like velocity
fluctuations can be estimated according to Eqs. 19, 34, and
36 yielding

lR
s �

��sqsH
cl

2jjSsjj
5��sqsdcl

ffiffiffiffiffiffiffiffi
Hcl

p
In addition, the term q (Table 3 of Schneiderbauer

et al.31) has also to be transformed according to Eq. 33
reading

qfi 52
j�

gc
0

	
f c 1

11 ls
L

1
12

5
gs�

c
sgc

0

 !
11

12

5
g2

s ð4gs23Þ�c
sgc

0

� �
1

64

25p
ð41233gsÞg2

s��s�
c
sðgc

0Þ
2



$ ~H

(39)

where

j�5
j

11
6~b

CL
j

5ð�c
sqsÞ2gc

0
~H

; j5
75qsds

ffiffiffiffiffiffiffi
p ~H

p
48gsð41233gsÞ

Frictional (Interial) Stress Model. In the frictional
regime, the situation renders differently compared to the col-
lisional regime, as the subgrid heterogeneity is characterized
by the formation of shear bands instead of clusters. To
derive an expression for the subgrid modification of the fric-
tional pressure, pfr

s (Table 3 of Schneiderbauer et al.31), we
start from the definition of its filtered counterpart

pfr
s ðxÞ5

ððð
pfr

s ðyÞGDðx2yÞdy (40)

where GD denotes a weighting function normalized to unity.
We now assume that the filtered frictional pressure, pfr

s , can
be deduced from the formation of subgrid shear bands in the
frictional regime, which yields

pfr
s ðxÞ �

X
sb2S

pfr
s ðysb ÞGDðx2ysb Þ (41)

where S denotes the set of all shear bands. In the case of the
discretized TFM equations, GDðx2ysb Þ is the box filter given
with radius D. However, in Eq. 40, the unresolved frictional
pressure, pfr

s , is unknown as it depends on the unresolved

variables �s and jjSsjj. Thus, these variables are decomposed
into mean, that is, filtered (2), and spatially fluctuating (0)
components

�s5�s1�
0

s;

Ds;ij5Ds;ij1D
0

s;ij;
(42)

where the Ds;ij’s are the components of the rate-of-
deformation tensor Ds. Following,8 it is reasonable to assume
that D

0
s;ij follows a Normal distribution Nð0;r2

D;ijÞ with the
standard deviation

rD;ij5d

ffiffiffiffiffi
~H

p
ds

(43)

where d is a constant of the order unity. In the frictional
regime, it is found that d � 1=4.8 Furthermore, we propose

that �
0
s can be approximated by a Normal distribution

Nð0;r2
� Þ, where r2

� is given by (correlated from experimen-

tal data31,46,47)

r�5ð�max
s 2��sÞð0:00211:48��s10:79��2

s 24:67��3
s Þ (44)

Finally, Savage8 suggested that usually the thickness of
shear layers, dsb , is found to be of the order of 10 particle
diameters. Then, Eq. 41 can be evaluated by using, for
example, a Monte Carlo method yielding

pfr
s �

1
�Dsb

X�Dsb

k51

pfr
s ð�s;k; jjSs;kjjÞ; (45)

with �Dsb 5D=dsb ; dsb � 10ds and jjSs;kjj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ss;k : Ss;k=2

p
. In

Eq. 45, �s;k and Ss;ij;k5Ds;ij;k2ð1=3ÞDs;ll;kdij are normally dis-

tributed random numbers according to Eqs. 42–44.
Similar to the frictional pressure, it is straightforward to

define the effective frictional viscosity accounting for sub-
grid shear layers as follows

lfr
s �

1
�Dsb

X�Dsb

k51

lfr
s ð�s;k; jjSs;kjjÞ (46)

Finally, a summary of the heterogeneity based subgrid
modifications is given in Table 3.

Discussion. In this section, we compare the heterogeneity-
based subgrid modifications for the solids pressure and the sol-
ids shear viscosity with the corresponding filtered data.
Because, the flux of PTE is generally negligible in bubbling
fluidized beds,9 we abstain from a more detailed discussion of
the closure for qfi . In Figure 11, the heterogeneity-based SGS
modifications as a function of the filtered void fraction for

hHð�c
sÞ50:15

ffiffiffiffiffiffiffiffiffi
�c

s

�max
s

s

are plotted. It appears that Eqs. 36, 45, 37, and 46 show rea-
sonable agreement with the filtered pressure data in the case
of small filter lengths. Especially, the frictional subgrid mod-
ifications (Eqs. 45 and 37) yield the correct limits as ��s tends
to �max

s . However, for large filter lengths the heterogeneity-
based SGS corrections considerably underestimate the fil-
tered solids stresses around ��g50:5 as the form of Hcl

underestimates the contribution of the Reynolds-stress-like
velocity fluctuations in this case (this is attributed to the
functional form of dcl, see Figure 2 in Schneiderbauer
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et al.31). Furthermore, Figure 11b indicates that Hcl does not
show the appropriate behavior in the limit of large filter
sizes, which, in turn, is a consequence of the model assump-
tions. On the one hand, we have assumed that the subgrid
heterogenous structures manifest as spherical clusters in
dilute areas. Conversely, the void fraction inside these clus-
ters has been supposed to be constant. These assumptions
are reasonable for small filter lengths as demonstrated by
Figure 11 but for large filter lengths clusters may itself con-
tain heterogenous substructures and, therefore, the subgrid
corrections accounting for the Reynolds-stress-like velocity
fluctuations are less accurate. In contrast, close the maximum
packing the frictional SGS correction, which is based on the
formation of subgrid shear band, appears to be insensitive to
the filter length. To conclude, the heterogeneity-based SGS
corrections yield the correct limits as ��s tends to �max

s and as
��s tends to 0, respectively. These modifications seem, there-
fore, to be applicable to bubbling fluidized beds as voids and
very dense regions prevail (compare with Figure 2).

Verification of Subgrid Modifications

In the following, we verify the presented subgrid modifica-
tions (Tables 2 and 3) in the case of coarse grid simulations
of the bubbling fluidized bed used to generate the fine grid
data (see Figure 4 and Table 2 in Schneiderbauer et al.31). For
this purpose, we compare time averaged global properties,
such as bed expansion and bubble statistics, obtained from the
coarse grid simulations with the fine grid simulation.

Solids phase distribution

In Figure 12a, a comparison of the time-averaged axial

profile of the filtered solids volume fraction ��s for Ŵ
in

g 50:22

is plotted. The figure shows that the computed bed expansion
and solids phase distribution obtained on coarse grids is in
fairly good agreement with the reference simulation, which
is additionally indicated by Figure 13. Remarkably, although
both subgrid modifications (Models A and B) show different
dependencies on the filtered drag and the filtered slip

Figure 11. Variation of heterogeneity-based (a)
^

pfi
s and (b) heterogeneity-based

^
lfi

s with the filtered void fraction,
��g, for different filter sizes D̂f‰f3:74; 7:48; 14:96g.
The arrow indicates increasing filter size.

Figure 12. Axial profiles (i.e., x5y50) of the time averaged filtered solids volume fraction, h��si, and its standard
deviation, r��, for Ŵ

in

g 50:22 (the averaging time is 10 s): . . . (blue line color) Model A using D̂57:48; —
(magenta) Model A using D̂53:74; — (black line) Model B using D̂57:48; – � – (red line) Model B using
D̂53:74; – – – (cyan color) Model B without SGS modifications using D̂57:48;(ref 31) 3bWY using D̂50:93
(� fine grid).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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velocity, they predict the bed expansion precisely and yield
similar bubble patterns (Figure 13). This can be explained
by reviewing Figure 2, which yields that very dilute regions,
that is, bubbles, and very dense areas are most likely to
occur. On the one hand, inside those voids high slip veloc-
ities are observed, which are of OðutÞ. The filtered drag data
shows only a negligible dependence on the slip velocity for
large filter sizes in this case and Model B, therefore, reveals
reasonable agreement with the filtered correlations (Figure
10). Conversely, in very dense regions the filtered drag data
as well as Model B reveal that HD approaches unity, that is,
no drag correction is applied in those areas. Thus, Model B
is able to predict the particle distribution in bubbling fluid-
ized beds reasonably well although it appears that it does not
correspond to the filtered drag data for intermediate volume
fractions (which occur very rarely).

Exemplarily, we further examine the impact of applying
SGS modifications in the case of Model B. It is observed
that the SGS modifications have only little influence on the
solids phase distribution and the bed expansion as the magni-
tude of the drag is much larger than the particle stresses.23

Thus, the bed expansion is mainly triggered by the drag
force and nearly insensitive to the magnitude of the particle
stresses. The figure also reveals that the presented models
appear insensitive to the grid resolution.

In Figure 12b, the standard deviation, r�� , of the time-
averaged filtered solids volume fraction is plotted. The stand-
ard deviation gives evidence whether the coarse grid simula-
tions reveal as distinct bubbles as the resolved simulation31

(compare also with Figure 13). It appears that each coarse
grid simulation (with and without SGS modifications in the
case of Model B) yields as distinct bubbles as the reference
simulation. Remarkably, even the filtered subgrid modifica-
tions (Model A) reveal those distinct bubbles, which is in
contrast to the filtered constitutive relations of Igci et al.26 as
shown by our previous study.31 It appears that solely slip

velocity dependent drag corrections are able to deliver sharp
distinct bubbles. However, more simulations using, for
example, the new revised version of the drag modification of
Igci et al., which has been presented by Milioli et al.,27 are
required to substantiate this observation. To conclude, the
appearance of the bubbles is triggered mostly by the drag
force, which has also been discussed in Schneiderbauer
et al.31 extensively.

Particle mass flux

Figure 14 shows the variations of the corresponding dimen-
sionless filtered solids mass flux, which is made dimensionless
using a characteristic solid flux, qch

s 5�max
s qsut.

49 It is
observed that the computed mass fluxes on the coarse grid
simulations are in reasonable agreement with the resolved
simulation. Similar to the resolved case, the coarse grid simu-
lations yield rising particles in the center of the bed and
slowly downward flowing particles in the dense side region
(not shown here). However, Model A generally underpredicts
the upward particle flux in the center of the bed. The horizon-
tal profiles (not shown here) indicate that gas-solid flow is not
symmetric in this case. Although in the case of Model B and
the fine grid simulation the maximum of the particle flux
tends to the left, in the case of Model A, the maximum tends
to the right. Nevertheless, the solids flow is in reasonable
agreement with the fine grid simulation.

Finally, Figure 14 also reveals that the solids flow is not
affected by the subgrid contribution of the particle stresses
in the case of Model B and that it is determined by the mag-
nitude of the drag force.31 Furthermore, the presented modi-
fications show no considerable grid dependency.

Bubble size, number density, and rise velocity

Finally, we may ask whether the coarse grid simulations
including SGS modifications are able to predict the mean bub-
ble diameters, the bubble density, and the bubble rise velocity

Figure 13. Snapshots of the filtered solids volume fraction, ��s, at t 5 10 s for Ŵ
in

g 50:22 (white: �s50; black:
�s5�max

s ).

(a) fine grid, (b) Model A using D̂57:48, (c) Model A using D̂53:74, (d) Model B using D̂57:48, (e) Model B using D̂53:74, (f)

Model B without SGS using D̂57:48.31 lb (5 150 mm) denotes the length of the bed.
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precisely. Thus, we evaluate the bubble properties via digital
image analysis of the volume fraction maps of the center
plane. The methodology follows the procedure presented in
our previous study.31 Thus, we do not repeat the details here.

In Figure 15, the corresponding dimensionless mean bub-
ble diameter as a function of the normalized height z=h0 is
plotted, whereas Figure 16 shows the bubble number density
as a function of the bubble diameter. Remarkably, the coarse
grid simulations accounting for the contribution of the SGSs
reveal nearly identical bubble statistics as obtained from the
coarse grid simulation omitting SGS effects (in the case of
Model B). The figure clearly shows that each coarse grid
case yields a fairly good estimate of the bubble number den-
sity and the bubble size distribution (within the spread of the
fine grid simulation data).

In Figure 17, the dimensionless bubble rise velocity as a
function of the bubble diameter is plotted. Our previous study
31 confirmed that the bubble rise velocities obtained from the
highly resolved simulation are in fairly good agreement with
the empirical correlation of Hilligardt and Werther.50 How-
ever, the coarse grid simulations without consideration for the
SGSs in the frictional regime (– – –; only evaluated in the
case of Model B) considerably overestimate the rise velocity
of the bubbles although the size of the bubbles is consistent
with the resolved simulation. Even though accounting for the
subfilter-scale Reynolds-stress-like velocity fluctuations
(2 �2) does not deliver suitable bubble rise velocities. This
has also been shown in our previous study31 using the SGS
closures of the group of Sundaresan.26 Thus, it can be con-
cluded that the bubble rise velocities are insensitive to these

Figure 14. Axial profiles (i.e., x 5 y 5 0) of the filtered time averaged dimensionless particle mass flux in vertical
direction, hqsi=qch

s , for Ŵ
in

g 50:22 and different coarse grid resolutions.

The lines and symbols have the same meaning as in Figure 12. [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 15. Dimensionless mean bubble diameter as a
function of the normalized height, z=h0, for
Ŵ

in

g 50:22 (sampling time is 10 s).

lb denotes the width of the bed. The lines and symbols

have the same meaning as in Figure 12. 2w2 denotes

the spread of the bubble diameter obtained from fine

grid simulation. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]

Figure 16. Normalized bubble number density as a
function of the normalized mean bubble
diameter, db=b, for Ŵ

in

g 50:22 (sampling
time is 10 s).

lb denotes the width of the bed. The lines and symbols

have the same meaning as in figure 12. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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velocity fluctuations. In detail, the raw data (not shown here)
suggests that primarily the rise velocities of the larger bubbles
are substantially overpredicted by these coarse grid simula-
tions. This, in turn, implies that the countercurrently down-
flowing layer of particles around these larger bubbles51 is not
resolved adequately. In contrast, applying the presented SGS
modifications including the frictional contribution (—, – � –,
. . ., and —) yield fairly good agreement of the bubble rise
velocity with the reference simulation.

It is important to emphasize that in the case of coarse grids
the bubble rise velocity can only be estimated precisely by
considering the subgrid contribution to the frictional stresses.
Furthermore, the computed bubble rise velocities are quite
insensitive to the grid resolution for the presented SGS
modifications.

Conclusions

We have introduced two new closures for the heterogene-
ity index HD, that is the correction of a homogenous drag
correlation to account for subgrid structures, and we have
presented two new constitutive relations for the unresolved
parts of the solids stresses. The first model (Model A) is
directly deduced from the filtered data by using curve fitting.
The second model (Model B) is derived based on the
assumption of the formation of subgrid heterogeneities inside
fluidized beds. In contrast to EMMS, which is also funda-
mentally based on the cluster concept, the heterogeneity-
based model distinguishes between resolved and unresolved
clusters.

The models have been verified on the one hand, against
filtered data and conversely, in the case of coarse grid simu-
lations of a pseudo-two-dimensional bubbling fluidized bed
with Ŵ

in

g 50:22 and two different coarse grid resolutions.
The results are discussed with respect the fine grid reference
simulation. This study reveals that:

a. The filtered drag force shows a considerable depend-
ence on the filtered slip velocity and on the filtered sol-
ids volume fraction.

b. In dilute areas, the filtered stresses are dominated by an
unresolved contribution stemming from Reynolds-
stress-like velocity fluctuations. However, even at inter-
mediate filtered solids volume fractions the filtered fric-
tional stresses show a nonnegligible contribution, which
has not been taken into consideration by prior stud-
ies.6,26,27 Similar to Milioli et al.,27 the filtered solids
stresses can be described by a Smagorinsky-like sub-
grid model.

c. The presented subgrid modifications, which are deduced
from the filtered data, yield appropriate behavior for a
wide range of filtered solids volume fractions, filtered
slip velocities, filtered shear rates, and filter lengths.

d. The heterogeneity-based subgrid modifications reveal at
least appropriate behavior in very dilute and very dense
regions, which are most likely to occur in bubbling flu-
idized beds.

e. Although Model B (especially the frictional stress modi-
fication) can easily applied to different constitutive rela-
tions, material properties, and simulation cases,45 Model
A is strongly connected to the setup used for the fine
grid simulations. Thus, for a different setup it may be
necessary to repeat the fine grid simulations to adapt the
filtered residual correlations.

f. Nevertheless, the contribution from the SGSs has minor
impact on the hydrodynamics of the fluidized bed.
Especially, bed expansion, solids phase distribution, gas
flow, particle mass flux, and bubble sizes are insensi-
tive to the magnitude of the particle stresses.

g. Applying the presented subgrid modifications yields
fairly good agreement of the stresses near the maxi-
mum packing and, therefore, the correct rise velocity of
bubbles and slugs. Hence, a SGS modification for the
frictional stresses is indispensable to estimate the bub-
ble rise velocity in bubbling fluidized beds precisely.

h. The results further prove that the presented modifica-
tions are insensitive to the grid resolution.

i. Compared to the resolved simulation the computational
demand is reduced by approximately two orders of mag-
nitude using the coarse grid for equal time step sizes.
Coarse meshes, however, allow larger time steps that
additionally improve the computational efficiency by
approximately one order of magnitude in our study. As
no additional equation for the PTE is required in the
case of Model A, the computational demand is addition-
ally reduced by a factor 2.5.

To conclude, this study demonstrates that the presented
subgrid modifications apply well to the coarse grid simula-
tion of a bubbling fluidized bed of fine particles. However,
several tasks remain. First, it is necessary to verify these cor-
relation on even coarser grids, which particularly links to the
heterogeneity-based corrections. Second, the range of valid-
ity for different fluidized bed setups in the case of Model A
has to be determined. Third, the models should also be vali-
dated at large scale fluidized beds (Oð10Þm). Thus, the gen-
eral validity of the models must be further investigated and
the differences to the drag relation of Milioli et al.27 have to
be explained. These will be addressed in future publications.
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Notation

Latin symbols
Ds = rate of deformation tensor for solid phase
ds = particle diameter

dcl = cluster diameter
es = coefficient of restitution
Fr = particle-based Froude number
f c = volume fraction of clusters
g0 = radial distribution function
g = gravitational acceleration

HD = heterogeneity index
I = identity tensor
Is = inertial number (Table 3 of Schneiderbauer et al.31)

Lch = characteristic length scale of subgrid heterogeneities
L = characteristic length scale of the domain
ls = mean free path of the particles (Table 3 of Schneiderbauer

et al.31)
pfr

s = solids pressure due to friction
pkc

s = solids pressure due kinetic and collisional contributions
q = flux of PTE

Rs = stress tensor associated with the particle phase
Rfr

s = frictional contribution to Rs

Rkc
s = kinetic and collisional contributions to Rs

ug; us = local average velocity of gas and particle phase, respectively
ugs = local average of the gas-solid slip velocity

ut = terminal settling velocity
Wg = superficial gas velocity in vertical direction

Greek symbols
b = interphase drag coefficient
D = grid spacing

Df = filter size
Dsb = width of a shear band
�g = volume fractions of gas phase
�s = volume fractions of solid phase

�max
s = maximum packing ratio
cH = rate of dissipation of PTE by inelastic collisions
kkc

s = solids bulk viscosity from KTGF
ls = solids viscosity
lfr

s = frictional contribution to ls

lkc
s = kinetic and collisional contributions to ls

/p = unresolved part of the buoyancy
/D = unresolved part of the drag
qs = densities of solid
H = granular temperature

Superscripts
c = cluster

cl = cluster fluctuation
fi = filtered
fr = frictional

kc = kinetic-collisional
R = Reynolds-stress like velocity fluctuations

Accents
� = Favre averaged variable
- = filtered variable
^ = dimensionless variable
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